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It is shown that to satisfy the generally accepted compressible law of the wall derived from the Van Driest
transformation, turbulence modeling coefficients must actually be functions of density gradients. The trans-
formed velocity profiles obtained by using standard turbulence model constants have too small a value of the
effective von Kdrman constant x in the log-law region (inner layer). Thus, if the model is otherwise accurate, the
wake component is overpredicted and the predicted skin friction is lower than the expected value. The magnitude
of the errors that result from neglecting this dependence on density depends on the variable used to specify the
length scale. It will be shown that the k-® model is less dependent on density gradient than the k-¢ model,
although it is not completely free from errors associated with density terms. We propose models designed to
reduce the density-gradient effect to an insignificant level. To agree with experimental values for x in compress-
ible boundary layers, the apparent eddy viscosity must be increased. This compressibility effect—which is an
artifact of conventional turbulence modeling rather than something real—is exactly opposite to that in mixing
layers. There the growth rate, and by implication the eddy viscosity, decreases with increasing Mach number:
since the growth rate of low-speed mixing layers is not much affected by mean density differences across the lay-
ers, the Mach-number effect is a real compressibility effect. However, it first appears at turbulence Mach num-
bers above those found in nonhypersonic boundary layers. As a consequence, recent compressibility modifica-
tions proposed for the mixing layer are liable to increase the errors in predictions of flat-plate compressible

boundary layer flows.

1. Introduction

ALCULATIONS of high Mach number turbulent flows have
become a major challenge in computational fluid dynamics in
recent years. Traditionally, models developed originally for in-
compressible flows have been applied to compressible flows with
little or no modification when mass-weighted (Favre) dependent
variables are employed. Our investigation centers on the dissipa-
tion-transport equation and its role in predicting the compressible
law of the wall. This equation, or some other equation implying a
length scale for the turbulence, is used not only in two-equation
eddy-viscosity-transport models but also in full Reynolds-stress
transport models. Therefore, although the discussion that follows
centers on two-equation models, for simplicity, the results apply at
least qualitatively to full Reynolds-stress transport models, which,
like two-equation models, usually reduce to local energy equilib-
rium in the wall layer.
The Van Driest compressible law of the wall is derived from
inner-layer similarity arguments, leading to the mixing-length for-
mulas for velocity and temperature!-?
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where ¢q = q,, + UT,,. Assuming that T = 1, and that ¥ and k7 are
constants, integration of Egs. (1) and (2) yields the velocity and
temperature profiles as:

Ul =U, fJu, = %zny +C (3)

T=T,-PrUq,/(c,T,) - Pr,Uz/(Zcp) )]

where Pr, = K/ky, being the wall-layer value of the turbulent
Prandtl number, u, and y* are defined with respect to the physical
properties at the wall, as

Ue = (T, /p,)'" ©)
and
Y= yucvy, ©)
Finally, the Van Driest transformed velocity U, is defined by
U 12
U‘.=J. (Bj au %
0\Py
Substituting Eq. (4), with p/p,, = T,,/T, into Eq. (7) yields
. (A+U ) . (A)
—E2 1 —~ 12
U, =E [sm ( D sin”| 5 ] ®)

where E = 2¢,T,,/Pr,, A = q,,/%,, and D = (A* + E)!2,
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Fernholz and Finley> have reviewed a wide range of high-Mach-
number boundary layer data and shown that most of the data col-
lapse onto the Van Driest compressible law of the wall, using k =
0.4 and C = 5.1, even though in principle the constants of integra-
tion in Egs. (3) and (4) can be functions of the friction Mach num-
ber u/c,, = u /N (y—1) ¢, T, where c is the speed of sound, and
the dimensionless heat-transfer parameter B, = q,,/(p,C,it.T,). Re-
cently, Huang et al.* extended Eq. (3) to mclude the viscous wall
region and the wake. The velocity profile family has been shown
to represent experimental zero-pressure-gradient boundary layer
velocity profiles accurately over a wide range of Mach numbers
and Reynolds numbers. In addition, the skin friction obtained
based on the velocity profile family was compared with experi-
mental data and again the results were very good. The constants
used by Huang et al. were x = 0.41, C = 5.2, and Pr, = 0.9. The
log-law slope 1/x is difficult to evaluate from fits to experimental
data: the nearest to a canonical value is that obtained by Coles’ in
an extensive survey of low-speed boundary layers, k = 0.41. Obvi-
ously an increase in best-fit x implies an increase in C, and differ-
ent choices of log-law constants are best compared by evaluating
Ulu, somewhere in the middle of the log-law region, say y* = 100
for laboratory measurements. Fernholz and Finley’s constants give
Ulu, = 16.61, ours 16.43—a difference of only 1%, which is negli-
gible.

Equation (3), plotted in Fig. 1, represents the present consensus
to which turbulence models should be matched: it is based on ex-
haustive data surveys,>* so in the interest of clarity we have not in-
cluded any data in Fig. 1. The purpose of this paper is to compare
this equation with results from calculations of compressible turbu-
lent boundary layer flows using standard turbulence models.®®
These results are for high-Reynolds-number versions of the turbu-
lence models coupled with compressible-wall-function treat-
ments,” although similar behavior has been observed in results ob-
tained by integrating low-Reynolds-number models from y = 0.
Because the concern is with behavior in the log-law region the
treatment of the viscous wall region is not an issue: it can change C
in Eq. (3) but not x.

Figure 1 shows calculations of an adiabatic wall at M, = 5 by
three different models, with a baseline calculation at M, = 0.1
using the k-&€ model. (The standard model coefficients are ¢, =
0,09, c,, =1.44,c, =192, 6, = 1, and o, = 1.3. However, in this
paper, the value of o, is altered from 1.3 to 1.17 to give a better fit
to the incompressible law of the wall [see discussion after Eq.
(14))). At low Mach numbers the profile predicted by the k-¢
model follows the law of the wall, Eq. (3), very well up to y* = 500
and, although not shown here, the wake profile correctly matches
the law of the wake of Coles.

The bulk Reynolds number should not affect the law of the wall,
but for uniformity we have done our high-Mach-number calcula-
tion at the same Reynolds number y§ = u.8/v,, as the M, = 0.1 cal-
culation. This seemed a better choice for law-of-the-wall compari-
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Fig. 1 Transformed velocity profiles obtained by k-¢, k-0, and RSTM
models with compressible wall functions; adiabatic wall calculations.

sons than constant Reg: in low-speed flow, y; = 3,500 at Reg =
10,000, while for air flow at M, = 5 over an insulated surface this
value of y§ corresponds to Reg = 46,000. As shown in Fig. 1, the
k-€ model calculation at M, = 5 displays an early rise of the profile
above the transformed log law, and hence results in a wake compo-
nent (maximum derivation of profile from standard log law,
AU} =2T1/x) twice the low-speed value. This large value of
wake component is not supported by the experimental data assem-
bled by Fernholz and Finley>: they concluded that the wake param-
eter IT is nearly the same function of their empiricaily chosen Rey-
nolds number as at low speed and therefore about. 0.58 in our
Reynolds number range. An overly large wake comporient implies
an underestimate of skin friction. It should be noted that the exces-
sively large wake predicted by the k- model is also observed in
the profile obtained from the Reynolds stress transport model
(RSTM) of Gibson and Launder.!0 In contrast, the profile calcu-
lated using the k-@ model of Wilcox!! shows only a small increase
of the slope in the log-law region. The preceding results clearly in-
dicate that standard turbulence models do not accurately predict
boundary layers at high Mach number, and since the error is worst
in the k-g and Reynolds-stress transport models it appears that the
trouble lies in the € equation, which is used in these models but not
in the k- model.

II. Assessment of Closure Coefficients

_In this section, we discuss only the extension of incompressible
turbulence models using Favre density-weighted averaging. It is
important to realize that the discrepancies discussed in the present
paper are attributable to mean density gradient, not density fluctua-
tions. They are an order of magnitude larger than differences be-
tween Favre averaging and conventional averaging. In this section,
additional compressibility terms are assumed unimportant and we
shall discuss effects of these modeled terms in Sec. IV. Attention
is also focused on the inner layer of a constant-pressure boundary
layer, where the results can be compared with the transformed log
law and where convective transport can be neglected to simplify
the governing equations to ordinary differential ones in y, some-
times called the Couette flow analysis. If the eddy-viscosity hy-
pothesis is formally applied, the velocity profile in the constant-
stress inner layer is governed by

Hl) =0 ®

where L, is the eddy viscosity. For the k-¢ two-equation model, we
write Y, = cupkz/e in which the dimensionless coefficient ¢, is
fixed at 0.09 to satisfy —uv /k = 0.3 in local equilibrium.

As we shall see later, the difficulties seem to be associated with
the length-scale equation for € or , and we therefore define a gen-
eral variable ¢ in terms of €:

o = pke! (10)
Equation (10) allows construction of a variety of length-scale vari-
ables by assigning different values to n, m, and /: for example n =
0,m=-1,and /=1 gives ¢ = w=¢/k.
The standard transport equations for £ and ¢, in the Couette-
flow approximation, will be assumed to be in the form;

U, dk)
1
dy(ck dy PPy — pe (b
and
Y, d¢) (l)_ ¢
dy(c¢ dy) = PP —caPEy 12)

where 6, and G, are turbulent Prandtl numbers for k and ¢, respec-
tively, and Py, is the turbulent-kinetic energy production

__dU _ (dU

-y — =y.| = 13
P, uv & \ gy (13)

where —uv =1/p =1,,/p.



HUANG, BRADSHAW, AND COAKLEY: TURBULENT COMPRESSIBLE BOUNDARY LAYERS 737

In Eq. (12), ¢; and ¢, are dimensionless coefficients, related to
the corresponding coefficients of the € equation, ¢;; and ¢, by

c, =lcg+m

(14
¢, =lc,+m

In the standard k-€ model, ¢, = 1.92, while in the newer two-
equation models, such as the k-0 models, ¢, is adjusted to give ¢,
= 1.83 to provide a better fit of the decay law of homogeneous iso-
tropic turbulence.!! The value of ¢y is generally determined by
computer optimization and is 1.44 and 1.56 for the k-¢ and the k-o
models, respectively. The value of 6, is chosen to satisfy the in-
compressible law of the wall; 6, =1.17 and 2 for the k-¢ and the -
o models, respectively. [The value of &, is defined from Eq. (15)
with RHS = 1 and ¥ = 0.41.] Finally, o, is fixed to optimize predic-
tion of the turbulent kinetic energy profile across the boundary
layer; 6, =1 and 2 for the k-€ and the k-0 models, respectively.

To ensure that the plot of U; against £ny™ has a slope of 1/k in
the logarithmic region, a unique relation must exist between x and
the other coefficients. The derivation of this relation is similar to
that for the incompressible case, but with the following density ef-
fects taken into account. First, in this region dk/dy = 0 is replaced
by dpk/dy = 0, because —uv /k = constant and T = 1, = —puv. It
should be noted that in low-speed constant-pressure flow dk/dy =0
in the inner layer and o) is immaterial. Although we include the
diffusion of k for completeness in this study, it will be seen later
that its effect is very small. Second, the dissipation relation € =
u, /Ky is replaced by € = (1,,/p)*?/xy. Finally, the density can no
longer be factored out of the diffusion terms, d/dy (u,...) # (1/p)
d/dy (v;...).

By substituting the above-mentioned assumptions into Eq. (12),
we obtain

c*o
1“2 2 (cy—c)) =1+
2 2 2
x dllﬂ+d2y—i—2+d3(2 99) (15)
p dy P dy p dy
where
o
d, = n—m—21+312+2ml—2nl+c16—¢
k
3 Gy
d,=n~-m-zl+c¢,— (16)
2 2 Tl
(- _§)( - _2_1)_5.%
d3—(n m 21 n—-m 21 3 ZCIGk

It can be seen that to extend the models for incompressible
flows to compressible flows, recovering Eq. (1) without having to
adjust the closure coefficients on the left-hand side of Eq. (15), the
second term on the right-hand side of Eq. (15) must be negligible
compared to unity.

Table 1 lists the coefficients d, to d; for the k-€ and k-® models.
Assuming that pressure is independent of y in the boundary-layer
approximation, the density gradient can be related to the tempera-
ture gradient as

14T
T Ty a7

° =
o.,o.
< 0

Table 1 Coefficients associated with density-gradient terms

Model n m l di* dy/1? dyfI?
ke 0 0 1 2.68 0.18 0.48
k-® 0 -1 1 0.56 006  -0.33

where the temperature gradient d7/dy can be obtained by using
Egs. (1) and (2). By substituting Egs. (17), (1), (2), and (4) into
Eq. (15) and using Eq. (8) to relate U to the transformed velocity
U, for a given gas, one may express the right-hand side of Eq. (15)
in terms of only three dimensionless groups, M, = w./c,. B, = q,,/
(Pwc,pi:T,,), and U7, so that

Ya

c d -d d, +d
C——uz 2¢(c2—c1) = 1+( ! 22)S+ e I
I"x xl 2

2

L4 Pr(r-1) M,

P2 i« 1%
where
S = /2Pr,(y—1)MTSin(s)+Prthcos(s) (19)
()~ 22 [Pl ings)
cos(s) — — |——— sin(s
MA2Z(G-D)

ands= [Pr(y-1)/2M, U,

By substituting d; to d; in Table 1 into the right-hand side of Eq.
(18), for the k-¢ model and the k-® model, respectively, one ob-
tains for the right-hand side of Eq. (18):

1+6.105 +4.465%+0.39 MT2 (k-e model)

(20)

1+1.225-1.4952+0.12 Mf (k-0 model)

As may be seen from Eq. (20), the coefficients of the k-® model
are smaller than those of the k-&€ model, so that the latter deviates
less from the Van Driest compressible law of the wall (Fig.1).

It should be noted that the last terms involving ¢,(G,/0,) on each
line of Eq. (16) come from the diffusion of k (dpk/dy = 0 instead of
dk/dy = 0) and are of the same order as the other terms. However
their net effect in Eq. (15) is small due to the cancellation of the
terms, as can be seen from Eq. (18) where the only relevant term
due to the k diffusion is ¢,(04/G)Pr{y - DM 12 /(ic)*—a small
quantity, because as will be seen later, M is generally small. The
other terms not involving ¢;(6,/0;) on each line of Eq. (16) come
from the diffusion of ¢, and do not necessarily cancel. Thus, we
conclude that the choice of the variable ¢ is the main cause of the
discrepancies between current turbulence model prediction and the
Van Driest law of the wall.

Wilcox!? solved the Couette flow equations analytically and
provided the following approximate solutions, for the £-€ and k-®
models, respectively:

4

U:

o

by + 1 E,b( _p_j/‘* + const  (k-g model)
K \p,

(2h
p VA
ﬂw(p—) +const (k- model)

w

where K = GZZ (coep " = /1) /2 and T can be shown to have the
following form:

JMEPE (Y= 1) +dc 00— MIPr, (Y- 1)

r 2c‘u(5k

(22

The density ratio in Eq. (21) can be obtained from Eq. (4) and
shown to have the following form:

p

Pw B, I Pr, . 2 (23)
[cos(s) - A_/I; —Z-(Y—_l—) sm(s)}

T, 1
T
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Fig.2 Variation of M and B, under different conditions: a) adiabatic
wall and b) cooled wall, M, = 5.

It should be noted that K in Eq. (21) is not an effective von Kdrman
constant, because the additional term resulting from the density
ratio p/p,, also contributes to the slope of the velocity profile. One
can see from Eqgs. (21-23) that the effective x is a function of M,
Bg, and U (or y™), which is in accordance with the analysis shown
in Eq. (18). Although Wilcox's analysis does not explicitly show
how the velocity profile is altered by the density effects, it indi-
cates that the density-related terms in the k-€ model have a stron-
ger impact on k than does the k- model, because the exponent of
(p/p,) is 5/4 for the k-8 model as compared to 1/4 for the k-®
model.

To estimate the error caused by the models, we have solved the
Couette flow equations (9), (11), and (12) by a finite difference
method. The temperature profile is given by Eq. (4). The solution
of these equations requires boundary conditions at two end points.
However, the inner layer profiles are functions of only M., B,, and
y* for a given gas, and the solution is strictly independent of the
outer boundary conditions. In the actual calculations, we have
simply used Eq. (3) as the inner boundary condition at an arbitrary
y* of 30. We have taken an arbitrarily large local Mach number
at the outer boundary (say, M, = 30), so that the value of y} is
calculated iteratively by the shootmg method. Fmally, boundary
values of k and ¢ are calculated from & = (t,,/p)/c 72 and o=
(pn 34/2- me 31/2+m/ m/2)/(Ky)l

The results below are reported for given values of M, and B,.
Figure 2 shows typical values of these quantities for air in terms of
the more familiar bulk parameters, M, and T,,/T,,, over a range of
Reynolds numbers Reg. These results were obtalned using the ve-
locity profile family illustrated in Huang et al.* For adiabatic wall
conditions corresponding to the results shown in Fig. 3, we fixed
Bq = 0 and varied M, from 0.06 to 0.12, representing a Mach 2-5
air flow over an 1nsu1ated surface at Reg = 10,000. For air flow
over a cold wall as in the calculations shown in Fig. 4, we have
fixed M, = 0.12 and varied B, from 0 to —0.12, corresponding to
the conditions shown as the dashed line in Fig. 2b.

Figure 3 shows comparisons of the k-€ and the k-® models for
B, =0 and M, ranging from 0.06 to 0.12. As can be seen from the
figure, the k-€ model is very sensitive to M., causing the trans-

formed velocity to rise as M, increases. On the other hand, the k-m
solutions are less dependent on M.

For the cold wall cases, Fig. 4 shows the comparison of the k-¢
and the k-® models for M, =0.12 and B, ranging from 0 to —0.12.
Again, the results show that the k-€ model is more sensitive to the
variations of By than the £-» model: with increasing heat transfer
to the wall, the profile predicted by either model moves closer to
the compressible law of the wall.

III. Possible Remedies

One obvious way to predict the correct Van Driest law-of-the-
wall profile is to incorporate the density-gradient terms directly
into the coefficient ¢; defined in Eq. (14) using an iterative proce-
dure to force the k- model to reproduce the expected law-of-the-
wall profile. We chose to adjust ¢; rather than 6, because the anal-
ysis leading to Eq. (15) is tractable only under the assumption that
sf is a constant. However, the gradient diffusion term is clearly the
culprit. However, as shown in Fig. 5, the value of ¢, required in the
g-equation for M, = 0.12 and B, = 0 drops to 50% of its original
value, ¢ ¢, at y* = 1000. This is too drastic a change to be accept-
able.

Another possible remedy is to find a new model which will
make d;, d,, and d; all zero. Unfortunately, substituting Eq. (14)
into Eq. (16) gives the solution n = m = [ = 0. Since this is not
meaningful, it seems best to choose a model which will aliow two
leading coefficients, such as d; and d», to equal zero. Assuming #n =
0 and m = —1, the solution /= 5/6 and c;(6,/0}) = 0.25, implying
a k-2>%/k model makes both d, and d, equal to zero. On the other
hand, if one assumes n = 0 and m = —/, the requirement for d; and
d, to equal zero will lead to a k—(g/k)V 2 (or, k— Vo ) model. These
two models give rise to an additional constraint on the relation be-
tween O, and O, because ¢;(G,/0)) is a known value obtainable
from the solution satisfying d; and d, equal to zero. Calculations
have demonstrated that these models do indeed reduce the density
effects to insignificant levels; the difference between the predicted
transformed velocity and the theoretical one at y*= 1000 is equal
to 0.43 and 0.15% for the k— Vo and the k-€>°/k models, respec-
tively. However, when applying these two models in the calcula-
tions employing compressible wall functions, we have found that
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Fig. 3 Comparison of the k-¢ and k-0 models in predicting the com-
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Fig. 4 Comparison of the k-¢ and k-o models in predicting the com-
pressible law of the wall for a cold wall; M, = 0.12 and B, ranges from
0 to —0.12 at an interval of ~0.03: a) k-¢ model and b) k-® model.

the models are sensitive to the freestream values of the new vari-
ables, Yo or €%/k, as in the case of the k-o model,!® although the
predicted transformed velocity profiles in the log-law region are
nearly exact.

IV. Compressibility Modifications

If one argues that the rise of the slope shown in Fig. 1 is mainly
caused by the fact that compressibility terms arising from the aver-
aging process were not taken into account, an alternative to chang-
ing the varidbles is to introduce additional compressibility-related
model terms and/or to make the model coefficients depend on
compressibility parameters. Because the rise of the slope indicates
a reduction in eddy viscosity, corrections are needed to increase
the turbulence energy level to increase the predicted value of the
von Karmadn constant K. This requirement, however, is exactly op-
posite to that for mixing layer model corrections,*! which call
for a reduction of turbulence energy to accommodate the drop in
spreading rate for high-Mach-number flows.

As most of the recent development of the compressibility model
modifications has been centered on the prediction of mixing lay-
ers, it would be interesting to see how these modifications behave
in a completely different situation, i.e., the boundary-layer flows.
Four of the compressibility corrections which have produced good
agreement with data in high-Mach-number mixing layers were ex-
amined in this study. The first two, by Sarkar et al.!* (hereafter re-
ferred to as Sarkar 1) and Zeman'® (Zeman 1), were based on the
concept of dilatation dissipation, which assumes that the dissipa-
tion rate of turbulent kinetic energy contains two parts, the solenoi-
dal (incompressible) and dilatational (compressible) parts, €, and
€, respectively.

£=g,+¢g, (24)

where g, is calculated from the incompressible form of the € equa-
tion and €, is assumed to be a function of €; and turbulent Mach
number M,.

& =FM, &)~ F(M)e, (25)

The function F and the turbulent Mach number M, are defined as
follows:

F=aM

t

(Mr_Mzo)H(Mz_Mto) z
cd{l—exp[—( o )}}

where M, = I%Y @(

where M, = i/g_l-c (Sarkar 1)

(26)

"y
1l

(Zeman 1)

where c is the sound speed; H is the Heaviside unit step function;
0y, ¢ M,,, and oy, are 1, 0.75, 0.1, and 0.6, respectively. Viegas
and Rubesin' show that these compressibility modifications have
improved the prediction of the mixing layer spreading rates.

The pressure dilatation correlation pdu;/dx; in the turbulent
kinetic energy equation where x and p are fluctuating velocity and
pressure, respectively, is the other focus in the modeling of the
compressibility correction terms in the Couette-flow approxima-
tion;

d (E{ i@):pPk—pe+ pou,/dx, @7

Based on direct numerical simulation of isotropic turbulence
and homogeneous shear flows, Sarkar et al.!7 (Sarkar 2) proposed
the following model for the pressure dilatation:

pou,/ox; = — oyph; M,2 + 0L3p£th2 (28)

where o, and o are suggested to be 0.4 and 0.2, respectively. In
addition, the value of o, shown in Eq. (26), is reduced to 0.5.
Sarkar 2 has been tested successfully in predicting the spreading
rate of high Mach number mixing layers.!®

In an unpublished report from the University of Manchester In-
stitute of Science and Technology (UMIST) group, El Baz!® has
proposed the following compressibility model corrections which
can account reasonably well for compressibility effects in the mix-
ing layers. First, the coefficient ¢, is modified to include the Mach
number effects:

Cea

Cpp= ————— (29)
2T (1+32M2
Second, the additional pressure-dilatation term is modeled as:
— 40U,
pou,/dx; = 3M,2p( gka—xi ~ Pk) (30)

where the turbulent Mach number is defined as M, = ﬁc fc.
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Fig. 5 Modified ¢, distribution of the k-¢ model, M, = 0.12 and B, = 0.
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Fig. 6 Test of compressibility modifications in predicting compress-
ible law of the wall.

The four model modifications, namely, Sarkar 1, Zeman 1,
Sarkar 2, and Umist, were intended for the mixing layer. When ap-
plied to boundary layers, they tend to aggravate the model defects.
In Fig. 6, the Couette flow solutions for M, = 0.12 and By = 0 are
presented. All model modifications yields even larger ¥ than the
baseline model due to the reduction in turbulent energy level—an
expected but undesirable outcome.

Two additional compressibility modifications, although not yet
tested in mixing layers, are worthy of mention here. Rubesin?® and
Zeman?! introduced an additional p? equation, in which the pres-
sure dilatation appears explicitly, representing the interchange of
potential and kinetic energies. The p? is derived from p’?, which
is obtainable from the continuity equation. Rubesin assumed a
polytropic process to relate p” to p whereas Zeman assumed an
adiabatic process. In the log-law region, due to transport terms
being negligible, the pressure dilatation can be expressed as

2% *

e D €1

W=f(M,)(%§)

where the function f is chosen as?!

_M?
f= 0.2{1 - exp[go—éﬂ (32)

Since Eq. (31) has a positive sign, it is expected to increase the tur-
bulent energy level and hence reduce the value of x for high-
Mach-number flows. Huang?? and Zeman?' have independently
tested the model and indeed found the modification improves the
prediction of the log-law profiles, although its impact on the pre-
diction of the mixing layer has yet to be tested. It should be noted
that when convective transport of p? is important, as in a wake or
mixing layer, the simplified form of the pressure dilatation, shown
in Eq. (31), is not readily available and further model assumptions
are required to close the equations. These assumptions have intro-
duced additional equations which make the final system of equa-
tions very stiff and difficult to solve. Viegas and Rubesin' have
reported this problem in an attempt to solve the Rubesin model in
the mixing layers.

V. Conclusions
The present study has shown that the extension of incompress-
ible turbulence models to compressible flow requires density cor-
rections to the closure coefficients to satisfy the law of the wall
(logarithmic law in Van Driest transformed coordinates). The k-®
model appears to be more attractive than the k-€ model at high

Mach numbers, because the coefficients of the unwanted density-
gradient terms are smaller. A length-scale transport equation can
be devised to minimize the density effects and has proved success-
ful at least in boundary-layer flows.

Another interesting observation uncovered from this study is
that current compressibility modifications, which were calibrated
in the mixing layer, generally increase discrepancies between pre-
dictions and the Van Driest compressible law of the wall.

Finally, we emphasize again that although the above analysis
was confined to two-equation models, our qualitative conclusions,
and probably our selection of ® as the best of the current “dissipa-
tion” variables, should apply to Reynolds-stress transport models
also.
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